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Thus the best circulator configuration for broadest bandwidth (due
tominimum phase displacement of the modes) andlowest loss was
the single-sided unit having a ferrite rod length of 3h/4. Because
of the extremely nonlinear dependence of the propagation constants
on the normalized ferrite diameter at 60 GHz (m, = 0.24) there
are two design options with widely different geometries and bias
magnetic fields. The option having the longer and slimmer ferrite
rodrequired significantly less bias field due to a smaller demagnetiz-
ing factor.

IV. CONCLUSIONS

A simple design procedure for the widely used partial height ferrite
waveguide circulator has been formulated. It eliminates the need
for sophisticated computer programs and/or elaborate experimental
design techniques. Excellent agreement between theory andexperi-
ment has been obtained with circulators operating in the “turnstile”
mode. Even greater isolation bandwidths can reachieved by stagger
tuning with the standard disk resonator mode TM*I,,,O or the

TMO,l,~ resonance induced by a pin inserted along the axis of the
ferrite rod. However, since design formulas for these configurations

are much more difficult to obtain, experimental. design techniques
such as using an eigenvalue measuring set [4] must be used.
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Guided Waves Along Graded Index Dielectric Rod 6 = ez, r>a

where

RYOZO YAMADA AND YASUNOBU INABE
61 > 62.

Abstract—By a modification of the Kurtz and Streifer procedure,

the coupled second-order differential equations for the field com-

ponents of guided modes along a graded index dielectric rod sur-

rounded by a homogeneous medium were solved directly. Using

the results, the eigenvalue equations which are consistent with those

of the simple core-cladding-type dielectric fiber in the region near

the cutoffs were obtained.

Optical transmission through a graded index glass fiber has been
given extensive attention. The theoretical study of guided waves in a
focusing medium has been done by many investigators. Among
them, Kurtz and Streifer have treated this problem on the basis of
the circular cylindrical coordinates and solved approximately the
linear homogeneous fourth-order differential equation, and applied
the results to the wave propagation guided by an enclosed circular
cylindrical graded index dielectric rod [1 ]–[3 ].

In this letter, we deal with the guided waves along a graded index
dielectric rod such as Selfoc. By a modification of the Kurtz and
Streifer procedure, we solve directly the coupled second-order
differential equations approximately and apply the results to the
guided waves along the rod. We adopt here the notations that have
been defined in their paper [1].

We assume that the dielectric constant distribution is in the
form

and

‘=’’(’-8(:))‘<a (1)
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(2)

We express the axial components of electric and magnetic fields as

Et = Enr exp ~j(d – ~z)] cos (n@ + O) (3)

Hr = Hnr exp [j(d – pz)]sin (n@ + O) (4)

and further we write

E& = [e, (1 – x) ]-If4@ and Hti = [.1(1 – X) ]1/44/q0 (5)

where

x = 1 — &/k~e, 70 = (PO/eO)l’2

instead of

@ = #~Er # = – i#~VOHr

in the paper [1].
We obtain the wave equations for @and 4 in the rod:

[

2Z
g+:+— 1[ 1 –2ntj

–2X2++ b’(l–z’) –;’ @=—
l–~z 1–Z2

+ 2nx* (6)

~+[:+*l:+[b2(1-z’) -4”== ‘7’
where

z = (i3/x) lrz (r/a) b~ = (kax) 2e,/&

Since x is small for the guided modes whose fields are bounded near
the region of maximum permittivity, we neglect the terms

2X2 (cl@/dz), 2nx#, and reduce (5) and (7) to
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~’[~+a:’
We add (8) and (9):

1
b’(l–zz)–; ++

2n@
—=0. (9)
1–Z2

~z
— ;+—

1
~:z, (@+#) =0. (lo)

Wesubstract (9) from (8):

[.~1~ [
:Z (d?-+)+ ~+ (0 – *) + ~’(1 –z’)

~z

1
~ :22 (4 – t) = o. (11)

——— —
.2

If we write the solutions of (10) and (11) that are bounded at z = O
as G1 and G2, respectively, we can express @and # as

~ = S A,Gj @ = 2 (– 1) j+’A,Gi, j = 1,2. (12)

Using the above expressions of Er,Hr and Maxwell’s equations,
the transverse components of the fields can be written as

E, = –jr (1 – x) ’/4 cos (n@ + 0) Z (–l)i+lA@j (13)

E+ = jr (1 – X)114 sin (n+ + O) Z A@j (14)

HT = –j
rel

[
(1 – x) ? A,% + ~ Z AiG~

rJo(l — x)l/4 “1
*sin (m$ + 0) (35)

Hh = –j
r~l

[
(1 – Xz’) ~ (–l)+’’A,@j – ~ ~ AJGi

?lO(l — X)+14 1
‘.COS (T@ + d) (16)

where

z (dGi/dz) + nGf
r = &/ (kae?/4x3/2) @j =

Z(1 — 22)

and @j are solutions of the following equations which are

(17)

bounded

1

(n+l)’@=o
bz(l–zz)–y , , j = 1,.4 (10)

where

Km’ (W) g, (u) *, (u)

v = WK.(W) ‘ ‘1 = fj/zul/2& (u) ‘ ‘2 = b3/%1/W2 (u)

w = ia, u = bzt 1,~~ = ka (qti) lIZ1 A = [cI(l – 6) – @/e~.

For n = O, the two solutions of (18) coincide, @, = @,, and (24)
yields two eigenvalue equations for the axial symmetric TE and TM
modes:

q+ql=OT Em odes ~ + (1 + A)m = O TiM modes. (25)

For n ~ 1. In the case where the difference between c, and q is small,
we can write the two sets of roots of (24), which is a quadratic equa-
tion in q, as

2+A 2+A
~+ :2=_ —m + O(A2)

2
~_ fi. _—

Wz 2
m + O(A2).

(26)

To verify the validity of these equations, we examine these equa-
tions in the region near the cutoffs of the various modes by taking
w -0. In the case where Cl and czhave a finite difference and ~/aZ
is small, b becomes large as w -‘0 (@z~ kzc~). In this case we use the
asymptotic expansions of Whittaker’s functions [6], and express
%, @ in terms of the Bessel functions as

*I ~ Jn.l (bz) *2 ~ J.+l @z) . (27)

Then the eigenvalue equations (25) for n = O become

K, (W) J, (V) K, (W)— .—— — .—
WKO(W) vJO(V)

(l+A)-
wKO (W)

(28)

where

v = bz ],=. = ka (61X)112

and the equations (26 ) for n > 1 become

Ka(w) * 2 + AJ.,I (v)— . —— .
wK. (W) 2

(29)
VJ,> (v)

These eigenvalue equations in the region near the cutoffs are con-
sistent with those of the simple core-cladding-type dielectric rod
[4], [5].

In the case of Selfoc, the value of u is of the order of several
hundreds, and the eigenvalues calculated in the region far from the
cutoffs lie near the values that satisfy the equation

b=4m+2n, ‘ m=l,2,... (30)
.-l /lO\

(19)

The solutions ~j are expressed in terms of Whlttaker’s functions as
[6] -

@i = Z–Wl~li,(~W)/Z (bzj) . (20)

The axial components of the guided modes in the outer medium
are [4]

EC = Bq-’”(l – X)-114K. (M) exp [ j(d – @z)] cos (no +0) (21)

~11/4 (1 — x) 1/4

Hr=C K.(AT) exp [ j(d – @z)] sin (no + 8) (22)
70

where K. (M) is the modified Bessel functions of the second kind:

A’ = p’ – l!%. (23)

The transverse components of the fields in the cladding can be ex-
pressed in tepns of these Er,Hr [4], [5].

Subjecting these fields to the boundary conditions provides the
,eigenvalue equation

_r7+rn+n/wz = ~ + (1 +A)w +n/wj’ (24)
q + V2 — n/w2 v + (1 + A)m — n/w9

and the eigenfunctions @j are

~, = @I exp ( —bzz/2 ) Lm–UZ*U#l (bz2) (31)

where L is the Laguerre polynomial.
In conclusion, we solved directly the coupled second-order dti-

ferential equations by a modification of the “Kurtz and Streifer
procedure, and we may evaluate the effect of neglecting the terms

2XZ (d@/dz) ,%vxt in (6) by a perturbation method. Using the results,
we obtained the eigenvalue equations which are consistent with those
of the simple core-cladding-type dielectric rod in the region near

the cutoffs. Based upon the results of this study, we plan to in-

vestigate the opt ical transmission through the graded index glass
fibers.
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